This paper constructs a counterexample showing that not every locally L 0 -convex topology is necessarily induced by a family of L 0 -seminorms. Random convex analysis is the analytic foundation for L 0 -convex conditional risk measures, this counterexample, however, shows that a locally L 0 -convex module is not a proper framework for random convex analysis. Further, this paper also gives a necessary and sufficient condition for a locally L 0 -convex topology to be induced by a family of L 0 -seminorms. Finally, we give some comments showing that based on random locally convex modules, we can establish a perfect random convex analysis to meet the needs of the study of L 0 -convex conditional risk measures.
Introduction
It is well known that classical convex analysis (see [4] ) is the analytic foundation for convex risk measures, cf. [1, 2, 6] . However, classical convex analysis is not well suited to the study of conditional convex (or, L 0 -convex) conditional risk measures defined on the spaces of unbounded financial positions. It is to overcome this obstacle that Filipović, Kupper and Vogelpoth [5] presented the module approach to conditional risk. The key point in this module approach is to establish random convex analysis as the analytic foundation for L 0 -convex conditional risk measures. To this, they introduced the notion of locally L 0 -convex modules, as a module analogue of locally convex spaces. In the theory of locally convex spaces, it is a basic fact that every locally convex topology can be induced by a family of seminorms, it is to establish the module analogue of the basic fact that Filipović, Kupper and Vogelpoth [5] further proved that the locally L 0 -convex topology of every locally L 0 -convex module can be induced by a family of L 0 -seminorms, namely, Theorem 2.4 of [5] as the basis for their whole paper. Unfortunately, this paper provides a counterexample to show that Theorem 2.4 of [5] is wrong. Besides, in particular this paper gives a necessary and sufficient condition for a locally L 0 -convex topology to be induced 1 by a family of L 0 -seminorms. Finally, we give some comments showing that based on random locally convex modules, we can establish a perfect random convex analysis to meet the needs of the study of L 0 -convex conditional risk measures.
The remainder of this paper is organized as follows: in Section 2 we first recall some necessary terminology and notation; in Section 3 we construct the counterexample mentioned above and further
give a necessary and sufficient condition for a locally L 0 -convex topology to be induced by a family of L 0 -seminorms; finally, in Section 4 we give some comments showing that based on random locally convex modules, we can establish a perfect random convex analysis to meet the needs of the study of L 0 -convex conditional risk measures.
Terminology and notation
Let (Ω, F , P ) be a probability space, K the scalar field R of real numbers or C of complex numbers and L 0 (F , K) be the algebra of all equivalence classes of K-valued F -measurable random variables on Ω.
ω ∈ Ω, where ξ 0 and η 0 are arbitrarily chosen representatives of ξ and η, respectively. According to [3] , (L 0 , ) is a conditionally complete lattice. For a subset A of L 0 with an upper bound (a lower bound),
∨A (accordingly, ∧A) stands for the supremum (accordingly, infimum) of A. Let ξ and η be in L 0 , we use "ξ < η (or ξ ≤ η) on A" for "ξ 0 (ω) < η 0 (ω) (resp., ξ 0 (ω) ≤ η 0 (ω)) for P -almost all ω ∈ A", where A ∈ F , ξ 0 and η 0 are a representative of ξ and η, respectively.
I A always denotes the equivalence class of I A , where A ∈ F and I A is the characteristic function of
where ξ 0 is an arbitrarily chosen representative of ξ. Vogelpoth first introduced in [5] this kind of topology and further pointed out that T c is not necessarily a linear topology since the scalar multiplication mapping: α → αx (x is fixed) is no longer continuous in general. These observations led them to the study of a class of topological modules over the topological
with a topology T such that the addition and module multiplication operations:
are continuous w.r.t. the corresponding product topologies.
Locally L 0 -convex topologies are defined as follows.
Definition 2.2 (see [5] ). For a topological L 0 (F , K)-module (E, T ), the topology T is said to be locally L 0 -convex if there is a neighborhood base U of 0 ∈ E for which every U ∈ U is:
Given an L 0 (F , K)-module E, an easy way to construct a locally L 0 -convex topology on E is by a family of L 0 -seminorms on E. The notions of L 0 -norms, L 0 -seminorms and random locally convex modules were introduced by Guo before 2009 and random normed modules and random locally convex modules have been deeply developed under the (ε, λ)-topology, see Section 4 of this paper for the related terminology. Let us first recall the notion of L 0 -seminorms.
Proposition 2.4 (see [5] ). Let E be an L 0 (F , K)-module and P a family of L 0 -seminorms on E, for finite Q ⊂ P and ε ∈ L 0 ++ we define
forms a neighborhood base of 0, of some locally L 0 -convex topology on E, called the topology induced by P.
It is proved in [5] 
For the subsequent use, we give two simple facts about random gauge function as follows. Proposition 2.6 Let E be an L 0 (F , K)-module, then we have the following:
is clear from the definition, so it only needs to show the reverse inclusion. Let x be an element of E such that p U (x) 1, then, for any p ∈ P and δ ∈ L 0 ++ such that x ∈ δU , we have that 
balanced subsets of E which satisfies the following three conditions:
topology on E and U is a neighborhood base of T at 0.
Proof. It is easily seen that T is a topology on E. It remains to show that (E, T ) is a topological
For any x, y ∈ E and U ∈ U, by (2), there exists V ∈ U such that V + V ⊂ U , it follows that
0 -balanced, we can further obtain that
which means that the module multiplication operation is continuous.
Now we can give an example of a locally L 0 -convex module (E, T ) for which the topology T can not be induced by any family of L 0 -seminorms on E.
For the sake of convenience, we first recall a notation here. For a subset C of an L 0 -module E, we denote by
Example 3.2 Let Ω be the set of all positive integers, F the σ-algebra of all the subsets of Ω, the
and for any ε ∈ L 0 ++ , recall that B ε = {x ∈ E | |x| ε}, then both M and B ε are L 0 -convex and
and L 0 -balanced subset of E. Moreover, the family U = {U ε : ε ∈ L 0 ++ } satisfies the three conditions in Proposition 3.1, in fact, for any ε, δ ∈ L 0 ++ , we have U ε∧δ ⊂ U ε ∩ U δ , U ε/2 + U ε/2 ⊂ U ε and εU δ/ε ⊂ U δ . Therefore, U forms a neighborhood base of 0 of a locally L 0 -convex topology (denoted by T ) on E. We have that the topology T can not be induced by any family of L 0 -seminorms on E.
Proof. Fix one ε ∈ L 0 ++ , we calculate the random gauge function p Uε . For each x ∈ E and each j ∈ Ω, sinceĨ
We show that T can not be induced by any family of L 0 -seminorms by contradiction. Assume that P is a family of L 0 -seminorms on E which induces the topology T , then for any p ∈ P, there exists U ε such that U ε ⊂ V := {x ∈ E : p(x) 1}, according to Proposition 2.6, we have that p = p V p Uε = 0, thus p must also be zero. It follows that the family of L 0 -seminorms P is actually a singleton {0}.
Hence, the locally L 0 -convex topology induced by P is the trivial chaos topology which consists of ∅ and E. However, we claim that M is a proper T -closed L 0 -submodule of E, which implies that T is not trivial. This is a contradiction.
It remains to show the claim to complete the proof. Clearly, M is a proper subset of E, we only need
, that is to say, for an arbitrarily given x ∈ E which is not in M , we need to find an ε ∈ L 0 ++ such that x is not in M + B ε . To this end, let S = {j ∈ Ω : x(j) = 0}, then S is an infinite set, otherwise, if S is finite, then
then x is not in M + B ε . In fact, if x = m + y for some m ∈ M and y ∈ B ε , then for each j ∈ S, we
However, according to the definition of M , {j ∈ Ω : m(j) = 0} should be a finite set.
Remark 3.3
In the above example, one can easily see that the topology T is not Hausdorff since the 
Remark 3.4
In fact, for an arbitrarily given probability space (Ω, F , P ) which is not essentially generated by finitely many P -atoms, by making a slight modification to Example 3.2, we can always give a locally L 0 -convex topology for L 0 which cannot induced by any family of L 0 -seminorms. In fact, in such a situation, there exists a countable partition {A n : n ∈ N} of Ω to F such that each A n has positive probability, we can verify this fact as follows: first, (Ω, F , P ) has at most countably many disjoint P -atoms, which is denoted by {B n : n = 1, 2, . . . , n 0 }, where n 0 is a positive integer or n 0 = +∞,
and Ω ′ does not include any P -atoms, and hence there is a countable disjoint family {C n ∈ F : n ∈ N} such that P (C n ) =
for each positive integer n, now let {A n : n ∈ N} = {B n : n = 1, 2, . . . , n 0 } ∪ {C n : n ∈ N}, it is clear that {A n : n ∈ N} is a countable partition of Ω to F . We only need to set M = span L 0 {Ĩ An : n ∈ N} and still let U ε = M + B ε for each ε ∈ L 0 ++ , then the locally L 0 -convex topology for L 0 induced by the local neighborhood base
++ } meets our need, one can complete the verification only by replacingĨ {n} withĨ An in the proof of Example 3.2. Finally, we know from the referee's report that J. M. Zapata has also, independently, obtained a similar result in [19] , where J. M. Zapata only assumes that Ω has a countable partition of positive probabilities, so he also obtained an enough general counterexample although [19] did not give the details of the verification of his counterexample and he did not consider a counterexample with the Hausdorff property.
Let (E, T ) be a locally L 0 -convex module. Assume that U is a neighborhood base of 0 ∈ E such that each U ∈ U is L 0 -convex, L 0 -absorbent and L 0 -balanced. As pointed out in [15] , if the inclusion
holds true for each U ∈ U, in particular if the relation
holds true for each U ∈ U, then T can be induced by the family of L 0 -seminorms {p U : U ∈ U}.
Conversely, assume that P is a family of L 0 -seminorms on E which induces T , then for the neighborhood base U P as in Proposition 2.4, according to Proposition 2.6, each U ∈ U P satisfies the relation (1). What is more important is that the relation (1) helps us look for a necessary and sufficient condition for a locally L 0 -convex topology to be induced by a family of L 0 -seminorms. In fact, a sufficient condition was already given in [15] , which requires that U has the countable concatenation property. Let us recall this important notion as follows.
It should be pointed out that when Guo introduced the countable concatenation property for a subset of an L 0 (F , K)-module E, E is assumed to have the following property:
(C) for any x, y ∈ E, if there is a countable partition {A n , n ∈ N} of Ω to F such thatĨ An x =Ĩ An y for each n ∈ N , then x = y.
Guo proved in [9] that every random locally convex module has the above property (C), however, up to now, no one has ever shown that every locally L 0 -convex module necessarily has the property (C), in this paper for our purpose it is convenient to quit the requirement of the above property (C) and rephrase the notion of the countable concatenation property in a slightly wide sense as follows.
in E with respect to a countable partition {A n , n ∈ N} of Ω to F if there is x ∈ E such thatĨ An x =Ĩ An x n for each n ∈ N, in which case we denote the set of all such x by ∞ n=1Ĩ An x n , namely,
An x n = {x ∈ E | x ∈ E such thatĨ An x =Ĩ An x n for each n ∈ N}.
A subset G of E is said to have the countable concatenation property if each sequence {x n , n ∈ N} in G is countably concatenated in E with respect to an arbitrary countable partition {A n , n ∈ N} of Ω to F and
In fact, Guo et al [15] already proved Proposition 3.6 and Corollary 3.7 below.
absorbent and L 0 -balanced subset with the countable concatenation property.
Corollary 3.7 (See [15] ). Let (E, T ) be a locally L 0 -convex module. If there exists a neighborhood base
0 -absorbent and L 0 -balanced subset with the the countable concatenation property, then T can be induced by the family of L 0 -seminorms {p U : U ∈ U}.
In order to give a necessary and sufficient condition for a locally L 0 -convex topology to be induced by a family of L 0 -seminorms, we need Definition 3.8 below, which is based on Guo's earlier work [8] :
-module E is said to have the relative countable concatenation property if for a sequence {x n , n ∈ N} in G and a countable partition {A n , n ∈ N} of Ω to F , we always have ∞ n=1Ĩ An x n ⊂ G whenever {x n , n ∈ N} is countably concatenated in E with respect to {A n , n ∈ N}.
Remark 3.9 For an arbitrary L 0 (F , K)-module E, E need not have the countable concatenation property, but it is clear that E as a subset of itself always has the relative countable concatenation property.
Furthermore, one can easily see that"G has the relative countable concatenation property" is the same as "G has the countable concatenation property" for every subset G when E has the countable concatenation property. In Definition 3.8, the adjective "relative" means that whenever a sequence {x n , n ∈ N} in G is countably concatenated "in E" with respect to a countable partition {A n , n ∈ N}, then this sequence must be countably concatenated "in G" with respect to the countable partition {A n , n ∈ N}.
Theorem 3.10 Let (E, T ) be a topological L 0 (F , K)-module, then the following two statements are equivalent to each other:
(1). The topology T can be induced by a family of L 0 -seminorms on E;
(2). There exists a neighborhood base U of 0 ∈ E such that each element U ∈ U is an L 0 -convex, L 0 -absorbent and L 0 -balanced subset with the relative countable concatenation property.
Proof.
(1) ⇒ (2). Assume that the topology T can be induced by a family of L 0 -seminorms P on E.
For any ε ∈ L 0 ++ and finite Q ⊂ P, let U Q, ε = {x ∈ E | x ε, ∀ · ∈ Q}, then U := {U Q, ε | Q ⊂ P finite and ε ∈ L 0 ++ } is a neighborhood base of 0. We need only to show that each U Q, ε has the relatively countable concatenation property. To this end, assume that {x n , n ∈ N} is a sequence in U Q, ε which is countably concatenated in E with respect to a countable partition {A n , n ∈ N} of Ω to F . If x ∈ ∞ n=1Ĩ An x n , then for each · ∈ Q, we have that x = ( thus x ∈ U Q, ε and this in turn implies that
(2) ⇒ (1). If (2) holds true, we will show that the topology T can be induced by the family of L 0 -seminorms {p U : U ∈ U}. It suffices to show that {x ∈ E | p U (x) < 1 on Ω} ⊂ U . Let x be a element of E such that p U (x) < 1 on Ω. Let A = {A ∈ F |Ĩ A x ∈ U } and A = ess.supA,
A is directed upward and there exists an increasing sequence {A n , n ∈ N} in A such
is a countable partition of Ω to F , and for each n we have thatĨ
n=1Ĩ BnĨBn x ⊂ U since U has the relative countable concatenation property.
Concluding remarks
Random convex analysis was first studied in [5] , where a locally L 0 -convex module is chosen as the space framework for random convex analysis. However, Example 3.2 and Remark 3.4 show that a locally L 0 -convex module is not a proper space framework for random convex analysis. First, according to the notion of a locally L 0 -convex module, only the locally L 0 -convex topology can be employed, whereas for a random locally convex module (E, P), the two kinds of topologies, namely, the (ε, λ)-topology and the locally L 0 -convex topology can be used. Second, the locally L 0 -convex topology seems more intuitive, but the (ε, λ)-topology is more natural from probability theory, in particular a random locally convex module absorbs both the advantages of this two kinds of topologies and the work of [15] shows that a random locally convex module seems to be a more proper framework for random convex analysis.
It is to overcome the disadvantage of a locally L 0 -convex module that Guo et al [15] choose a random locally convex module as a space framework to establish random convex analysis. Let us recall the notion of a random locally convex module as follows.
Definition 4.1 (See [7, 13] ). An ordered pair (E, P) is called a random locally convex module (briefly, an RLC module) over K with base (Ω, F , P ) if E is an L 0 (F , K)-module and P a family of L 0 -seminorms on E such that ∨{ x : · ∈ P} = 0 iff x = θ (the null element of E).
Let P be a family of L 0 -seminorms on an L 0 (F , K)-module E and P f the family of all finite subsets Q of P. For each Q ∈ P f , the L 0 -seminorm · Q is defined by x Q = ∨{ x : · ∈ Q}, ∀x ∈ E.
Definition 4.2 (See [7, 13] .) Let (E, P) be an RLC module over K with base (Ω, F , P ). For any positive numbers ε and λ with 0 < λ < 1 and Q ∈ P f , let N θ (Q, ε, λ) = {x ∈ E | P {ω ∈ Ω | x Q (ω) < ε} > 1 − λ}, then {N θ (Q, ε, λ) | Q ∈ P f , ε > 0, 0 < λ < 1} forms a local base at θ of some Hausdorff linear topology on E, called the (ε, λ)-topology induced by P.
Since Guo's paper [9] , random metric theory has come into such a model that random locally convex modules are developed by simultaneously considering the above two kinds of topologies, which makes random metric theory deeply developed (see, e.g. [10, 20, 12, 14, 17, 18, 11] ) since the connection between basic results derived from the two kinds of topologies has been established in [9] . Based on these deep advances, a complete random convex analysis has been developed in [15] and some concrete applications of random convex analysis to L 0 -convex conditional risk measures are also given in [16] .
